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Specific low-shear viscosity of a liquid
dispersion of solid particles from variational
theory for the Fuchs stability ratio

Abstract The contribution of a solid
phase to the low-shear viscosity of
a solid-liquid dispersion, i.e., the
specific viscosity, nsp, is investigated
theoretically by applying a varia-
tional procedure. The Fuchs stability
ratio has been interpreted as a
general steady-state equilibrium
constant for aggregation and has
been extended to a functional form
which describes the motion of two
Brownian units in a dispersion.
Application of the Euler-Lagrange
equation under the validity of an
adiabatic-like approximation for the
Hamiltonian (approximately
Brownian kinetic energy and inertial
potential field) yields a constraint
that involves specific viscosity, solid
volume fraction, ¢, interparticle
energy and correlation functions of
the dispersed phase. The Einstein
formula is found as the limit of

the Saito equation when an infinitely
dilute hard-sphere suspension is

Introduction

[5, 6] regimes.

considered, while a general closed
form expression, nsp = #sp(¢), is
proposed for a concentrated sus-
pension. It depends on the particle
coordination number and affinity,
returns the low density expansion
predicted by effective-medium-type
theories for the viscosity, and can
be represented as the sum of two
dominant contributions, associated
respectively with the first peak of the
radial distribution function and the
second peak of the total correlation
function. Application to experimen-
tal data, concerning latex particles
in cis-decalin and interacting
silica—water systems, is presented
and discussed.

Key words Specific low-shear
viscosity - Functional stability
ratio - Solid-liquid dispersion -
Pair and total correlation
functions - Solid volume fraction

the behaviour in both dynamical [3, 4] and quasistatic

Since the beginning of the twentieth century, viscoelastic
properties of dispersed systems have been thorougly
investigated both experimentally and theoretically
and represent, up to now, a challenging field in
fundamentals of physics and physical chemistry and in
many technological and industrial applications [1, 2].
The influence of basic quantities (such as solid volume
fraction, topology and microstructure, microscopic/
mesoscopic interparticle fields, etc.) on the suspension
viscosity is usually considered with the aim of predicting

As a short historical outline, we first recall the
pioneering work by Einstein [7, 8] on the hydrodynamics
of a suspension of hard spheres, which was then impro-
ved by other early studies [9-15] and several investiga-
tions [16]. In the 50-80 years, effective-medium-like
theories (EM) for the viscosity were formulated [17-31]
and subsequently provided with effects due to Brownian
motion [see, for instance, the generalized Bruggeman
theory (BMX) and its asymmetrical case (ABMX)]
[32]. By taking advantage of the understanding of
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hard-sphere systems, the rheology of concentrated
colloidal dispersions was dealt with by other researchers,
who examined theoretically and numerically the hydro-
dynamical and Brownian contributions to the viscous
stress, both in equilibrium and nonequilibrium states
[33-47]. In general, although several equations were
suggested [1] to describe viscosity as a function of the
suspended solid volume fraction (¢), finding a physical
law that is applicable to concentrated systems of both
aggregates and/or nonaggregates in the whole experi-
mental ¢ range (i.e., a closed-form expression) is not an
easy task [48]. For instance, in a quite recent analysis
[49], a discussion of the discrepancy between some data
sets is reported and the authors proposed a universal
master curve that is not well described by usual
equations employed in the current literature.

On the other hand, the coupling between aggregation
of particles and rheological features of a suspension has
already been pointed out in different studies [6, 50-52].
The mechanical properties of a suspension are strongly
related to the state of the dispersed phase [53], where
particle aggregation can be affected by various factors
(i.e., kinetics, number of interparticle bonds, etc.) and
characterized by the so-called stability ratio [54].

The stability ratio is employed for studying rapid
and slow flocculation, i.e., the individual solid particle
concentration as a function of time, respectively,
without and with deflocculating agents (i.e., resistance
term to aggregation) [55]. In its simplest formulation, the
suspended solid phase is modelled as a uniform array of
spherical kinetic units, whose motion is completely ruled
by Brownian-like movements within the bulk solution.
The spheres are assumed to interact on contact, after
which they can adhere and disappear in the form of
new solid doublets. Under these assumptions, the rate of
formation of a new doublet coincides with the solid
particle diffusion rate across a stationary surface of
radius equal to the particle diameter (Fig. 1). So, as the
number of kinetic units decreases near any flocculation
site, a particle concentration gradient can be introduced
and is regarded as the driving force for the diffusion
process. Application of Fick’s first law allows the
aggregation kinetics to be related to macroscopical
quantities (namely, temperature, liquid medium viscos-
ity, diffusion coefficient, etc.) and to the interparticle
potential field. Accordingly, the basic relationship
between rapid and slow flocculations in the absence of
hydrodynamic perturbations was originally quantified
by Fuchs as [56]

kR /oo e
—=w={d dr > 0,
) @ (d)

where w is the stability ratio, kg g are the rate constants
(R represents rapid, S represents slow), {d) is the average
particle diameter and u=u(r) is the energy barrier (in

(1)

Fig. 1 Scheme of the mechanism of doublet formation associated
with the equation for the Fuchs stability ratio, w (S=solid particle,
L =liquid medium). A Brownian particle diffuses across a surface of
radius equal to the particle diameter, (d), and interacts on contact
with another solid unit

kgT unit, i.e., the Boltzmann constant times the absolute
temperature) as a function of the radial position r > {d)
within the bulk phase. Equation (1) specifies that the
stability ratio is the reduction factor for the rate
constant of rapid flocculation due to some energy
barrier. Accounting for w in concentrated suspensions
requires the correction of the probability per unit time
and per unit volume that two solid particles form a
doublet by considering the overall mass distribution at
rest, namely, the radial distribution function in local
equilibrium [57].

This article presents a theoretical investigation of the
specific low-shear viscosity, ngp = 1, which in a
dispersed system describes the contribution to the actual
viscosity, 7, associated with the volume fraction of solid
particles, ¢, suspended in a liquid having intrinsic
viscosity, 19. The relation between low-shear viscosity
and aggregation is focussed here through a generaliza-
tion of Eq. (1), which will be regarded as a steady-state
equilibrium constant, extended to a functional form,
defined over a dynamical space and investigated therein
by application of a related stability condition. Annul-
ment of the first-order functional derivative will allow a
relationship to be obtained for nsp and other implied
physical quantities.

Basic concepts

Equation (1) points out the relation between two
systems characterized by u # 0 and u =0 or, equivalent-
ly, the effect of the energy barrier u=u(r) on the rate
constant for flocculation in a single dispersion. Consider
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instead a flocculation process where any aggregation
mechanism, i.e., with any kind of aggregation barrier,
can take place in all generality and can be described as a
pseudochemical reaction [54]. If (n, R) and (n, S) denote
respectively rapidly and slowly coagulating particles at
the nth aggregation step, the reaction scheme

(n_laR)—i_(n_lvR)_)(naR)
—(n,S) — (n—1,S)+ (n—-1,S) (2)

identifies, at the steady-state, the apparent equilibrium
constant given by

2
m M =w. (3)
=2 [(n,S)]
A functional formulation of w is therefore expected to
be stable with respect to arbitrary small changes in
generalized coordinates [58] and to relate solid particle
aggregation and viscous work through the Euler—
Lagrange equation. In this framework, w increases with
increasing system stability up to a maximum value
corresponding to the minimum apparent free energy
associated with Eq. (3) (i.e., G < — In w + const). More
precisely, a functional related to the time of formation
of a new solid doublet (see Q; in Eq. 6) will be stated
in the next section by weighting the actual time with
an extended writing of w (W, ; in Eq. 5).

Nevertheless, before generalizing Eq. (1), some obser-
vations are needed. First, as all particles are subject to
Brownian movement, the scheme in Fig. 1 must be
improved. To this end, consider the mechanism sketched
in Fig. 2a, where two solid units describe a Brownian-like
movement across the dispersed phase of a suspension and
displace from the centre of gravity of the motion an
increasing volume with increasing time. The modified

Fig. 2 Scheme of a the mecha-
nism associated with the
functional generalization of the
stability ratio and b the adia-
batic approximation for the
total energy, H, (m = Brownian
mass, M =solid mass at rest).
A Brownian particle pair is
moving with kinetic energy, T,
and is subject to the potential
field, U, of the suspended phase.
The symbol n denotes a discrete -
elapsed time

step

(0)

(1)

(n)

B
. 8

stability ratio associated with Fig. 2a can be introduced
according to the equivalent scheme in Fig. 2b, where

1. The potential field has been replaced with the
Hamiltonian function.

2. Two energy contributions have been separated. The
first is related to particle dynamics and the second
to the dominant solid mass distribution at rest, which
is surface-interacting within the scattered volume.

Points 1 and 2 are equivalent to stating an adiabatic-like
approximation, where kinetic and potential contribu-
tions are separated, i.e., associated with moving (or
Brownian) and interacting (or inertial) solid particles,
respectively, (analogously, see the quantum Born—
Oppenheimer approximation of the Schrédinger equa-
tion, where kinetic and Coulombic terms are separately
identified with electronic and nuclear contributions to
the wave function [59]).

Second, once an extended writing of w is formulated
and put in correspondence to any step n (Fig. 2, Eq. 1),
the limit of very large motion (or elapsed time) can be
focussed within a dynamical space, where the Lagrange
functional constraint for the mechanical minimum of
the particle action is expected to take place [58, 60]. This
also agrees with the definition of the stability ratio,
which involves the integration limit » ={d) — oo.

As a short outline of this work, the functional
formulation for the Fuchs stability ratio will basically
take into consideration four steps:

1. A three-dimensional extension of integration vari-
ables.

2. The position U — —H.

3. A generalized coordinate space.

4. A proper stability condition therein.

&

&
— (@
M>>m
o
| @e
H~T(®)+U (@)

(a) (b)
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As a first result, the Einstein formula [7, 8] will be found
when the limit of infinitely dilute suspensions is consid-
ered. The theoretical approach, which can also be useful
for investigating other viscous phenomena (see macro-
molecular systems, electrorheological and magnetorhe-
ological fluids, etc.), will subsequently be extended
to describe concentrated particle systems. Analysis of
effects related to the electrolyte concentration of the
liquid phase and, more generally, to details of the
interaction potential [61, 62] will not be dealt with in this
article.

Basic formalism

In this section, we present the mathematical formalism
which will be applied to study the stationary condition
associated with an extended formulation for the stability
ratio. Starting from the following p-dependent spatial
writing of Eq. (1),

p
wpa =@ [ a})
(d) r

the aforesaid three-dimensional extension can be adopted
as follows

(4)

vy
Wot1 = W1 = _Vdﬁp/ Hiridg, (5)

Vd,p

t being time (so 7 = d’) and the particle Hamiltonian,

H, being expressed in kg7 unit. The notation v,
indicates the volume displaced by the solid particle
pair from the primary minimum of the potential curve
[63] (=(d)) to the radial position r, the symbol vy,
denotes the solid volume that is present inside v, and
qr =

Asvéumlng D~ vl,, a simple extension of Eq. (4) to a
time functional, Q;, can be made according to

Q:/rmmmwm7 (6)
t/

which involves implicitly the dynamical evolution
p = p(¢) and obeys the Euler—Lagrange equation, if the
first-order derivative,

G (W) d (W
2= (%) -a (%) ”

is zero within the time interval (¢, ) [60]. Following
the limit of large p values in Eq. (1), the final condition
reads

(3)

Equation (8) is based on the original definition of the
stability ratio and refers to a couple of solid units

lim Qi (p, p;t) =0.
p—0o

interacting on contact. More generally, dealing with a
N-particle system requires the collective effect due to the
other suspended units to be taken into account. To this
end, we consider in Egs. (6-9)

1. A slower kinetics of doublet formation [54, 55].

2. An effective contribution coming from the fluctuating
Brownian forces experienced by the particle pair
[11-13].

To express point 1 mathematically, we can make the
zero convergence of the stability ratio slower by
decreasing the infinitesimal order of w,;(p) when the
particle c}iameter is approached, say, lim,_ 4w, ~
(p—(d))n=0, vy being an integer number. This is
formally equivalent to applying in Eq. (4) the position
r=r"v, with vy=N = 1. To represent point 2, we can
extend the problem formulation to a continuous
domain, where the density of states coincides with an
equivalent interparticle correlation state. Contacting
and noncontacting particles will be described in the
usual context of pair and total correlation functions of
the dispersed phase, respectively [35, 64, 65].

Accordingly, after introducing in Eq. (5) a power-law
like v, = vV

N

Wi = Won = vy, /V‘p e dqY | 9)
Vip

one first obtains

Q= | Wpnlp.pr) di (10)

and

Taking a linear N superposition generated by a set of
real coefficients {w;} gives us a more general stability
condition,

lim ZwNQN p.pit) =0

p—00

(12)

provided the convergence to zero is uniform. Equa-
tion (12) admits extension to the continuous_spatial
domain, N = N(p), oy = o(p) and Qy = Q,, with
p €R: N

lim
p—o0

Q,(p, p31) dN(p) =0 (13)

:dN

once the state density w(p) is introduced for

evaluating dN (p) = w(p)dp. The last equation (Eq. 13)
is developed in the next section , keeping in mind the
single state N=1 should imply Eq. (8) (contacting
particles only).
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Formal developments
Infinitely dilute and noninteracting systems (N =1)

With regard to the definition of flvl (see Eq. 7), the first
member on the right side yields

GW,,J GW,,J 6vp Vd.p Oln Vd.p _H
—_— = _— _— = — ——— | € P
op ov, op vy v,
0 Vo —Hy,
+ ( Vd'ﬁ) / einqr - s
ap Vd.p Vd.p
where the notation H, = H(y,7;¢) has been used.

Evaluating the second contribution on the right side of
Eq. (7) is equivalent to developing the term which is

given by
d Oe~
_&{Vd,p /Vdvp ( ap )dqr} .

Therefore, Eq. (7) becomes

dvay _ (OHY [ d oH / .
t=— dg: dg:
dr (ap) /m TtV g5 4

oHN d [ _,
sl et “Hdg,
s <ap> i / ¢

or, equivalently,

(55) (ol G} e ().
(17)

To identify the Hamiltonian function, remember
H =T+ U = up*> — L, where the kinetic energy is of
the form 7 = %up{ U is the solid-phase contribution to
the potential energy and L is the Lagrangean, which
obeys [60]

d foL\ (oL
a(e5) - (&)~

where f, represents the nonconservative viscous term
acting on the Brownian particle.

To proceed further, we observe the work exerted by
electrostatic forces is expected to increase both the
viscosity and the yield stress if the interaction character
is mainly attractive, and vice versa [6, 50-52]. This
suggests the correspondence U = -V, where V= V(r)
stands for the total potential field and is the sum of
repulsive and attractive contributions. The reduced
mass, u =% (see Fig. 2, and the motion equation in
compact forrn of a two-particle system), must then hold
[60]. So, taking into account Eq. (18) and using the
relation between H and L, some algebraical passages
transform the sum (Eq. 15) into

(14)

(15)

(16)

(18)

dva, e Ha vd,, v, mp
W,
2(dt>(p'1 Vdp T2 ) 2
op
+vd,pr,1<ma—fn) )

where each term represents the inverse of a length (i.e.,
a force per unit kgT) and W, ;= W, (V). By adding
Egs. (13) and (18), Eq. (7) becomes

e\ [mp (dv, vy
Q — _ _r P P
== G - (5]

Va0V, mp
G (1) i

(19)

(20)

with F, = f, —m% denoting the difference between
viscous and inertial forces and being a functional in
the generalized motion coordinates By expanding the

temporal derivative, < = +pap, and employing the
adiabatic-like property exemphﬁed in Fig. 2, namely

Wor=e TI) , (21)

Eq. (20) can be rearranged as

* .2 .
~ g mp~\ 0 mpd
Q=(1-= l+— | —+—=—=|1
= (=) [ ) G T e
+ 1+”L"2 " vay
2 w opv,

where W, contains the potential field associated with the
mass distribution at rest (Fig. 2b),

o
m = _Vd,p/ eV(r>dqra
Vd.p

and gx~e CD),

potential curve.
To develop Eq. (22) in the limit of large p and/or ¢

values, we can first consider the implied kinetic quan-

(23)

the minimum of the interparticle

mp® _ 3
tities. Use of the energy equipartition theorem, =4 =5

and of the limit solution of the Brownian movement in

liquid media, p?>=12Dr (2 x 6D7) [66], transforms
Eq. (22) into
~ gx\ (50 9D 0
Q=(1-Z)(z=—+2=—")1
! < m)(zaﬁwapz v
V(p)
2 TV g (24)
2 m opv,

D being the particle diffusion coefficient and (v) =

1
(#81)* the average velocity. Multiplication of both sides

of Eq. (24) by p and application of Eq. (8), i.e
lim,_., Q; = 0, allow the expression of the (nondimen-

sional) work, O, =lim,_,..F,, which is done on the
Brownian particle by the force F):
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Oy (25)

S i [(Se (10 2]
2 p—oo Olnp m v, W
where the second derivative on the right side of Eq. (24)
has been neglected upon p—oo, %%2%% = 5?{3/} ~0.
Equation (25) consists of the sum of surface and bulk
contributions, and its structure resembles the equation
for the viscoelastic response of concentrated hard-sphere

* ’ (
suspensions, where j- and V’”eW

nondimensional effective hydrodynamlc interactions
[35]. We will focus the contribution coming from the
bulk phase by neglecting (aérﬁ;‘;‘) at the boundary liquid
surface.

Under the validity of a Langevin equation, and if no
additional forces are applied, the particle dynamics is
governed by viscous terms and stochastic processes with
vanishing average value, F(¢), and one has F;, = (F) =0
when the motion equation for the Brownian movement
is considered in the functional F,, [60, 66]. In our case,
this implies pF, is only related to the contribution of the
phase dispersed in the liquid. Taking advantage of the
so-called hard-sphere limit, i.e., assuming an infinitely
viscous solid phase [24, 32], we set O, = Angp. It is not
difficult to verify that 4 and o must equal unity. Let
¢ € [0,1] be the solid volume fraction, then the limit
at large p values returns

J0 e g (26)
Vo
or, equivalently,
5 ¢
2
Nsp = 2 I/Vo01 ’ ( 7)
provided O, =#ysp and with W, =lim, . W;. When
V=0, since
1 1
Wml—hm Vapl——— ]| =1-¢, (28)
Vd.p Vp
one obtains
5 ¢
= 2
se =57 = ) (29)

For all values of ¢, Eq. (29) coincides with the Saito
expression, found in the framework of effective-medium
theories for the viscosity. Then, in the limit of infinitely
dilute hard-sphere dlspersmns Eq (29) returns the
Einstein equation nsp ~ 3¢ + O(¢*) [7, 8]. More cor-
rectly, the Einstein formula follows from the direct
evaluation of Eq. (27) when ¢ — 0. In fact, for any
choice of V= V(r),onehas W, =1 + O(¢) (see Eq. 27).

The general case (N2> 1)

To apply the previous method to a concentrated and
interacting dispersion, we will consider in Egs. (14) and

(15) the position W,; = W, 5. Note that the energy
equipartition theorem is not valid anymore and that the
second limit (Eq. 26) is bounded by the maximum
packing fraction ¢y; (2¢), above which the scheme in
Fig. 2 ceases to be valid and the viscosity is expected to
diverge [48]. By combining this information and follow-
ing the same procedure as in the previous subsection,
the contribution to the sum (Eq. 12) coming from the
condition lim,_,,Qy=0 reads

¢ ¢V

WooN 1 — qu
where [y] is the intrinsic viscosity, ¢ = < is the ratio
between actual and maximum solid volume fractions,

and where the mean-value theorem for integrals [67]
has been applied to

(N)

nsp = [1] ~ e [n] ; (30)

Weon = lim Wy =

p—00

" & da"

- lim i, / dg, . (31)
The macroscopic term (V') in Eq. (30) is independent of
N and should be regarded as a macroscopic, global
contribution. Qualitatively, it implies that the viscosity
tends coherently to increase if the average interparticle
potential is negative (cohesive, attractive forces) and,
vice versa, to decrease when repulsive fields are involved.
To work out Eq. (13) and to extend Eq. (30) to the
continuous domain, we need to identify the state density
w(p), i.e., to sum over the states representative of both
contacting (Fig. 1) and noncontacting (the collective
effect produced by surrounding units) solid particles.
The simplest way is by introducing the particle correla-
tion states in r € [{d),o0] described by the autocorrela-
tion function [63]

S(r) = po(r) + p*h(r) , (32)

for density fluctuations around the average density value
p. In this way, the singlet particle correlation and the
affinity between solid units, represented, respectively, by
the Dirac distribution and the total correlation function,
h(r), will be dealt with as contacting and noncontacting
states. Then, since o has the dimension of the inverse of
a volume, we adopt a van Hove function for density
fluctuation [68] and set w(p) =7, S where p = 77 and (A) is

the correlation length. By employing Eq. (32), for
lp| > 1 we can write

w(p) =d(p — 1)+ ph(p) ,

where the delta distribution refers to correlation between
particles interacting on contact and the correlation
function refers to collective contributions coming from
the other solid units. Accordingly, substituting Egs. (30)
and (33) into Eq. (13) gives (with this set of choices p is
adimensional)

nse = n] <p / h(ﬂ)

(33)

¢ e ).
¢pp+ ) (34)
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which, as h(p > 1, —0") =0 [63, 69] and (V)
(0 = 07)=0, reduces to the Einstein formula for
an infinitely dilute suspension with [] = 3.

The exact calculation of the integral Eq. (37) is an
interesting but tough issue, which is left for future work.
It is convenient, instead, to work in units of (1) and to
set p = 1. To this end, we represent the peaks of A(p),
corresponding to each particle k=1, ..., N and located
at p, ~ k, as Dirac distributions [70] and consider the
following development in polar coordinates:

1 N
h(g) ~ p2sin 6 kz:; hiolt = O(1)]

X 0lp — @r(D]o(p — i) 5 (35)
where 0,(7) and ¢@.(¢) are the angular positions occupied
by the Brownian particle at time 7 and when p = p, ~ k.
Using Egs. (30) and (35) we can integrate Eq. (34) over
dp = p?sin0 dp dO de and define

n ¢”
(S [,

ny =e 5[0 — 04(2)]

x0(p —k) dp do d(p+%> , (36)
and so
— Jim gy = e "] N
Nsp = A}ch Ny =¢ ( % kz:: )
(37)
or, equivalently,
nsp =]
¢ ¢’ " >
X =+ h —+ - ‘|’ h D
(g‘l—¢> T Y=gt
+0(" ), (38)
where gy =/h; + 1 denotes the contribution coming

from the first peak of the pair correlation function,
g(p) [63, 68, 69]. Equation (38), whose physical meaning
has been sketched in Fig. 3, will be applied and
discussed in the next section. Basically, we regard the
set of coefficients {/,} introduced in Eq. (35) as average
terms, provided with the condition /#, < 1. To reduce
the number of best-fit parameters, the state equation for
the equilibrium radial distribution function at contact
will be employed according to the Carnahan—Starling
and results. The other quantities, {(}'), [] and ¢y, will be
dealt with according to the experimental properties of
the system under examination.

Application to experimental data and discussion

Equation (38) can be first regarded as an improvement
of Eq. (29). To derive the expansion in the concentration
when ¢ — 0" we can develop, at first order in zero, the

state equation for the equilibrium radial distribution
function at contact, g, =g(¢) [71]. If one adopts [n] =3
and keeps in mind the set of functions /. (¢) are
infinitesimal in ¢ =0, substituting in Eq. (38) the
Carnahan—Starling result [35, 72], gcs(¢) = . ‘/;)/% =
1+3¢+ 0((;52), returns in the limit of ¢ < ¢ the well-
known low-density expansion found in the context of
effective-medium-type theories (see the hard-sphere limit
of the so-called Bruggeman formula, and Refs. [22-25,
28-32]):

5 5\°
20+ (30) +o@)
~2.5p+625¢%; ¢ — 0F, (39)

whereas Eq. (29) implied ngp =3 ¢~ 2.5 +2.5¢°+
0(¢?). Note that the employment of the Percus-Yevick

state equation [57, 73], gpy(¢)) = (11“5/)2 1+340(¢%),
does not change the second-order approxnnatlon for
nsp- Equation (39) has been applied and discussed by
several workers (see, for instance, Refs. [16, 25, 28, 32,
74]) and is in reasonable agreement with the outcome of
experimental data, ngp=(2.6 £ 0.2)¢ + (6 = 5)¢*> +
O(¢>) [25, 49, 75], and of theoretical analysis, which
predict a second-order term equal to 5.9¢° [30, 49, 76].
From third order on, we find a general contribution N

V! ' hy .
of the form 3 [ﬁ <a¢>" 1) > N (a—(;%}, which
cannot be evaluated with simple analytic expressions

[57, 68].

To represent the behaviour of nsp=7#sp(¢) in the
whole volume fraction range, Eq. (38) can be truncated
to some order N =2, nep=ny + O(¢" "), where g,
and h, are dealt with as average coefficients or to
the first- order dpgrommation hsp = bt = ye= "] pg
(p)/(1 — ), where g1(¢p) is the state equation
and y a heurlstlc parameter. For the sake of comparison,
Fig. 4 reports Eq. (38) with some theoretical closed-
form expressions currently adopted in the literature.
They are the Krieger—-Dougherty [77, 78] [ngp =

g

A

Fig. 3 Scheme of the physical meaning of the equation #nsp =y (¢)
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Fig. 4 Behaviour of ngp=nn(¢),
and nsp=1;(¢), in comparison
to other theoretical models

(KD = Krieger—Dougherty,

M =Mooney, E= Eilers,

0 = Quemada, B=Brady). For
nsp =1n(¢) we employed g =2.0
(N=1), h,=0.5(N=2), i3=0.2
(N =3), while for nsp=11;(¢)

the Carnahan-Starling (CS)
(gcs = (ll:%%) and Percus—

Yevick (PY) (gpy = (11t ‘%%)

state equations were adopted
with y=1. In all cases, we set
[M=2.5,{V)=0and ¢ =0.6

100 -
80 A
60 -

Msp
40 -

20 1

™

B)QUE)(KD)

0 oo

0.2

(1-¢)""~1), Quemada [79] [: (1_q§)*2_1},

Mooney [80] [: exp([;ﬂ %) —1} and Eilers [81]

2
[— <1 +2([:1]_¢¢)) —11 equations, and the asymptotic

law found by Brady [34-36] [nsp ~13(1 - &)‘2—1} for

a concentrated dispersion when ¢ — 1~. Experimental
coefficients have been set to [y]=2.5, (V)=0 and
¢Mm=0.6 in all cases, while we employed g;=2,
h,=0.5, h3=0.2 for calculating nsp=ny (¢) (N=1, 2,
3) and the Carnahan-Starling and Percus—Yevick state
equations, gcs(¢) and gpy(¢) with y=1, to work out
nsp=n;(¢). In any case, as emerges from Fig. 4 and
usual behaviours of correlation functions [68, 69, 71],
Eq. (38) are expected to converge rapidly to the limit
solution, starting from the second-order term (in fact,
1-N oN
27%17") > 1, for N > 2). Equations (34) and (38)
then point out that the viscous properties of a solid—
liquid material can be expressed as a superposition of
autocorrelation states averaged on the suspensi9n
volume according to weight factors such as 1‘/)7

Specifically, it consists of a modified writing of the par-
ticle affinity (~ [hdp), where, as expected from other
analysis [11-13, 34-46], the contribution originating
from the pair distribution function at contact is
involved. At first account, two contributions would be
dominant: the first peak of the pair correlation function
and the second peak of the total correlation function.

Figure 5 shows the master curve #ngp versus o,
recently derived from viscosity measurements in hard-

sphere suspensions of latex particles dispersed in
cis-decalin [49]. We used a second-order best-fit curve
nsp=n(¢p, (V)=0) and the first-order equation
nsp=1;(¢,{V)=0). In good agreement with the exper-
imental analysis conducted in Ref. [49], and in corre-
spondence to typical orders of magnitude of correlation
peaks [82-84], g; = 1.8 and h, =0.2, we determined from
the second-order best-fit curve [#]=2.6 and ¢y =0.5.
From the first-order equation, we extrapolated the same
values of intrinsic viscosity and maximum packing
fraction, when 7 = 0.4, and both Carnahan-Starling
and Percus—Yevick state equations are considered in
mi(9).

The rheological behaviour of aqueous silica suspen-
sions is presented in Fig. 6 for different pH values [85].
The interacting character of such systems has been
explained in terms of the interactions between the silica
particles and the size of the units formed. At pH 7 and 9,
significant double-layer repulsions take place, while at
pH 3, close to the isoelectric point of silica, repulsive
potential fields only occur at high solid volume fractions.
However, in all pH and ¢ ranges, the aggregation
properties are strongly affected by van der Waals
dispersion forces [61, 85]. In the second case, an analysis
of the phenomenological coefficients employed in #,(¢)
returns the average values [5] ~ 3.3 and (V) ~ —0.5 x
100°J, when 18<g <34, 02<h <0.6 and
¢m=0.094, 0.109, 0.137. Best-fit functions #nj(¢) based
on the same [y], (V) and ¢y values require ycs = ypy
= 2.9, 24.6, 30.1, respectively whenthe pH is 3, 7 or 9.
Note that the estimated energy belongs to the range
determined experimentally for the Hamaker constant of
silica molecules in water, i.e., 4= (0.2-1.4) x 107°J
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Fig. 5 Experimental measure- 80
ments #gp versus ¢ in latex—cis-

decalin hard-sphere dispersions

[49] described with a second-

order function nsp = 12(¢) (solid

line) and the first-order expres- 60 -
sion nsp =1nj(¢) (dotted line).

We used [7]=2.6, (V)=0,

¢Mm=0.5 in all cases, g;=1.8

and 5, =0.2 for the second-

order function and nSP 40 -
Ycs = Ypy = 0.4 for the
first-order expression

20 -

Fig. 6 Experimental measure- 120 -
ments 7sp versus ¢ in silica—

water suspensions [85]

described with nsp =n,(¢)

(solid line) and nsp=1;(¢p)

(dotted line). Best fits for

nsp = na(¢) returned the average 80
values [7]~3.3 and

(V'y~-0.5-10"°J, when

¢nm=0.094, 0.109, 0.137 and

1.8<g, <34, 0.2<h<0.6. Msp
For nsp=n;(¢) we derived

Ycs = ypy = 2.9, 24.6 and 30.1 40 |
when the pH was 3, 9 and 7,

respectively

0.5 0.75 1

0.04

at room temperature [63]. The difference between the
returned intrinsic viscosity and the Einstein value
probably reflects geometrical and hydration effects [54].
Silica particles aggregate in chains that in aqueous
solution can give rise to three-dimensional networks [86].

Conclusions

1. The Fuchs stability ratio has been regarded as a
steady-state equilibrium constant of a liquid disper-
sion of solid particles, where any aggregation mech-
anism can take place in all generality.

0.06

2.

A functional description for the Brownian movement
of two solid particles in a dispersed system has been
formulated to extend and to study variationally the
stability ratio over a generalized coordinate space.
The Hamiltonian function has been dealt with
according to an adiabatic separation of Brownian
kinetic energy and interparticle potential field. Con-
tacting and noncontacting particle states have been
described in terms of the autocorrelation function for
density fluctuations around the average value.

. The stable solution has been determined by applying

the Euler—Lagrange theorem and yields the Saito
equation, for a contacting particle system, which gives
the Einstein formula when the functional describes an
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infinitely dilute hard-sphere system, and a general
closed-form expression for a concentrated suspension,
when the noncontacting particle states are accounted
for in the variational procedure. It relates the specific
viscosity to actual and maximum solid volume
fractions, average interparticle field and pair and
total correlation functions of the dispersed phase. The
second-order density expansion determined in the
framework of effective-medium theories, is found in
the limit of low concentration values.

. It is suggested the viscosity of a solid—liquid material

can be written as the modified writing of the solid
particle affinity in Eq. (34), which is mainly affected
by the first peak of the pair correlation function and
by the second peak of the total correlation function.

. The experimental behaviour ngp versus ¢, of hard-

sphere latex dispersions in cis-decalin and of silica—

water suspensions, has been described by using
first-order and second-order equations derived from
the closed-form expression obtained. The first is
provided with the state equation for the equilibrium
radial distribution function at contact (see, for in-
stance, Carnahan—Starling or Percus—Yevick results),
the second with average correlation coeflicients. The
agreement between theory and experiments turned
out to be satisfactory in all cases here examined.
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